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In this paper are studied some properties of the numerical function 
F,(x):N-{0,. J} 3N Fe(x)= ZX S,(x), where S,(x)=S(p*) is the Smarandache 
O< psx 


P prime 


function defined in [4]. 
Numerical example: F;(5) = S(2°) = S(3°) +S(5°); Fy(6) = S(2°) + S(3°) + S(5*). 


It is known that: (p-1)r+1< S(p’) < prso(p-1)r < S(p’) § pr. 
Than : 


X( Py + Pyte+ Daz ~ MX)) < Fy(*) S$ XCD + t+ Pas) (1) 


Where z(x) is the number of prime numbers smaller or equal with x. 
PROPOSITION I. The sequence 7(x)=1 log Fo(x) + 5 =a has limit -— 0. 
1=2 o 


Proof. The inequality F5(x) > x(p.+---+Pax)- 7(*)) implies —log Fs(x) < 
< —logx( py + Ppt + Dae) ~ 1 x)) < log x( x(x) p, - 2(x)) = —log x — log a(x) — log(A, — 1). 
Than for x=/ the inequality (1) become: 


i(Py+---+ Dau — Wi)) < FeG) Si Pyt+--+ Pay) $0: 


l 1 l _ 1 
Fell) (pt +Pg- Ai) i pAD-A@) ial, -1) 


Than 7(x) <1-log(x)- log x(x) -log(m,-1) +E eo 


pPp=2 => T(x)=1-logx —log m{x)+ ¥ 


1=2 =a 
=> lim 7(x) < 1 - im logx — im log a(x) + lim > mm =l-w-w+L=-0@ 
x= xX—7>O 2x? IMU 


PROPOSITION 2. The equation F,(x) = F(x +1) has no solution for x <¢ N — {0,1}. 


Proof. First we consider that x~1 ts a prime number with x > 2. In the particular case 
x =2 we obtain F,(2) = S(27) = 4, F.(3) = S(2°) + S(3?) = 4+9=13. So (2) < (3). 
Next we shall write the inequalities: 


MP hPa TX) F3(x) s X(Pi +--+ Das) (2) 
(e+ DCH + Pay + Prey AE ED) << Foe tl) Ss (et) yt + Pig + Pasty) 


Using the reductio ad absurdum method we suppose that the equation F;(x) = Fy(x +1) 
has solution. From (2) results the inequalities 


(X+1)( D+ + Pay + Pasty — AEt+Y) < Fs(et)) S$ x(pyte--+Pysy) (3) 
From (3) results that: 
X( Dpto Dazy) — (4 + DCP t+ Davey + Pacer) — AX +1)) > 0 


XC Dpto + Pagxy) — XCPy t+ Pagay) ~ Pacer + ¥AC% +1) — Peo — Paty — Pato) + 


+a(x+1)>0. 


But Pars) > 7(x+1) so the diference from above is negative for x>0, and we 
obtained a contradiction. So F;(x) = Fy(x +1) has no solution for x +1 a prime number. 

Next, we demonstrate that the equation F(x) = F,(x+1) has no solution for x and 
x +1 both composite numbers. 


Let p be a prime number satisfing conditions p>> and ps x-1. Such p exists 


according to Bertrand's postulate for every x ¢ N — {0,1}. Than in the factorial of the number 
p(x - 1), the number p appears at least x times. 
So, we have S(p*) < p(x -1). 


But p(x-1) < pxr+p-x (if p> >) and px +p-x=(p-1)(x+1)+1s S(p™'). 


Therefore Jp <x—-1 so that S(p*)<S(p*"). 
Than Fs (x) = S(py)+---+S(p*)+---+S( pix) 
Fy (x +1) = S(py*')+---+S(p"*")+---+S(pih) > Fs (x) 
In conclusion Fy(x+1)>F5(x) for x and x+1 composite numbers. If x is a prime 
number 2(x) = a(x +1) and the fact that the equation /;(x) = F(x +1) has no solution has 


the same demonstration as above. 
Finally the equation F(x) = F,(x+1) has no solution for any x <¢N — {0,1}. 


PROPOSITION 3. The function F(x) is strictly increasing function on its domain of 
definition. 
The proof. of this property is justified by the proposition 2. 


PROPOSITION 4. Fy(x+y) > Fy(x)+Fe(y) Wx,y €N- {0,1}. 


Proof. Let x,y <¢ N— {0,1} and we suppose x < y. According to the definition of F(x) 
we have: 
7 


F(x+y)= SCpE +--+ S (DAS) + SPagedt + Spa) + (4) 


+S(Dagyyer) t+ S(Diteeyy) 


F(x) + F(y) = SCpyp) +--+ S(Digeye) + SCRE) + + SB) + SCP t+ S (Pay) 
But from (1) we have the following inequalities: 
A=(X+ YP t+ Pas + Paysite + Parry) ~ ME+y)) < F(x+y)s 
S(X+ Y)(Dyr++ + Daye) + Payxyst te + Patzeyy) (5) 


and 
X(Dy+--+ Dayz — A(X)) + VOD ++ Pay t+ Dagey tt ayy ~ ACY) < F(x)+F(y)s 


S XCD t+ Pays) + Vt + Pas) + Paper tert oy) = B (6) 
We proof that B< A. 


B<A > X(Pyto-+ Dayzy) + VCPyt ++ Dagzy) + ¥ (Payer t + Pay) < 
X( Py te+-+ Dapzy) + VOD +++ ~ Pagzy) + XC Daqeyer +77 + Dagzeyy) — ¥ ACE + Y) + 
+Y(Pazy t+ Pay) + VC Payette t+ Paxey) -YHX+Y) 


X(Pazyer tt Patery) — AE + YF VPayyei t+ Datzry) ~ MEt+y)) > 0 
But Passy) 2 (x + y) so that the inequality from above is true. 


CONSEQUENCE: F,(xy)> F,(x)+Fs(y) V¥x,y eN-{0,} 
Because x and y e N - {0,1} and xy > x+y than Fo (xy) > Fo(x+y) > Fo(x)+F(y) 


PROPOSITION 5. We try to find tim 13°”) 


oo 7 


We have Fo(7) = > S(p”) and: 
O<p,Sn 


Py + Py t--* + Dagny — AN) : F,(n) Z Py + Prt + Pan) 


nz! n nt? 
If @ <1 than 
li I-a@ = ae lim Fs (n) = 
oe n (Dit---+ Pan — Wn)) = 2-2 = rc [> rate ees aa 


If a =1 than 


lim (p++ Dagny ~ m0) = lim (2,4+--+ Pag) — A(0)) = 400 => lim SOD 


n 


+B 


We consider now @> 1. 


a(n) a(n) 

XP, - mn) x P, 
We try to find lim er and lim -=— appling Stolz - Cesaro: 
. ne noe HY 


an) 
Leta, = © p,-2(n) and b,=n7". 
i=l 


n 
a(n+1) An) —————————— 
eee 2 Pen eH pea) (1 +17! -n7"! 
Than: —#t—" = —=1___________isl________ = {if (+1) isa prime . 
 b,-8 (n+1)%1 ~ a7! 
n+} n ‘ 
0, otherwise 
a(n) eI 
Let c, = > p, and d,=n 
1=1 
ae) x(n) ot 
ee P; n+1y" -n™ 
C, 17h 2 i= i= Pxn+l) rs . * 
Than rire poe "Gepeiaet (n+1) is a prime 
n+) n : 
0, otherwise 
First we consider the limit of the function. 
. x 1 
eh = Mm elise ®t oe 2 for a-2>1 
roa(x+l)-x =e ] 


We used the I'Hospital theorem: 
In the same way we have 


=0 for a>3. 
x0 (x+])71 = x7! 
So, for a > 3 we have: 
+ Dy tered = 
lim Pit Pat"* Pry ~ 0) =0 and 
x30 n 
+ Do teee+ 
ti 2 9 266° tig =) 30. 
x30 n x20 7 
0 for a>3 
Finally lim EW | 
m0 7 +o for a<l 
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